Power-law growth of time and strength of squeezing near quantum critical
  point by Sharma, Deepti & Kumar, Brijesh
Power-law growth of time and strength of squeezing near quantum critical point
Deepti Sharma and Brijesh Kumar∗
School of Physical Sciences, Jawaharlal Nehru University, New Delhi 110067, India.
(Dated: June 9, 2020)
The dynamics of squeezing across quantum phase transition in two basic models, viz., the one-
axis twisting model in transverse field and the Dicke model, is investigated using Holstein-Primakoff
representation in the large spin limit. Near the phase boundary between the disordered (normal)
and the ordered (superradiant) phase, the strength of spin and photon squeezing and the duration
of time for which the system stays in the highly squeezed state are found to exhibit strong power-law
growth with distance from the quantum critical point. The critical exponent for squeezing time is
found to be 1/2 in both the models, and for squeezing strength, it is shown to be 1/2 in the one-axis
twisting model, and 1 for the Dicke model which in the limit of extreme detuning also becomes 1/2.
I. INTRODUCTION
The squeezed quantum states are of great practical im-
portance owing to their usefulness in high precision mea-
surements and many-particle entanglement [1–5]. With
its inception for photons [6, 7], the idea of squeezing to
reduce quantum uncertainties (respecting Heisenberg’s
principle) has been suitably extended to atoms, or equiv-
alently the spins [1, 8, 9], and is a vigorously pursued
subject of research [10–14]. Among the many aspects of
the studies carried out on spin squeezing [14–20], the one
that interests us here is the possibility of its enhancement
near a critical point [21–26].
A model that has been widely used to investigate spin
squeezing is the one-axis twisting (OAT) model [8] in a
transverse control field [15]. More commonly, it is known
as the infinite-range transverse field Ising model or the
Lipkin-Meshkov-Glick (LMG) model [27]. It describes a
system of N spin-1/2’s, where every spin interacts with
every other spin via Ising interaction, and the external
control field is perpendicular to the Ising direction. For
the ferromagnetic interaction, in the large N limit, it un-
dergoes a continuous quantum phase transition from the
disordered to ordered phase, driven by the competition
between the control field and the interaction [28]. The
OAT or LMG model can also be derived as an effective
model from the Dicke model, which is a basic and widely
studied model of quantum optics. The Dicke model de-
scribes a collection of N two-level atoms interacting with
a single mode of quantized radiation in a cavity [29]. It
exhibits a continuous phase transition from the normal
(disordered) to the superradiant (ordered) phase [30–32].
These two paradigmatic models are the objects of our
study in this paper on spin squeezing across quantum
phase transition. Here, we study the time evolution of
spin squeezing in the OAT model in transverse field, and
that of spin and photon in the Dicke model, to under-
stand the pattern of growth in the strength and life of
squeezing as one approaches the quantum critical point.
We do this by employing Holstein-Primakoff represen-
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tation [33] for the spin operators to formulate solvable
bosonic theories for the two models in the large spin limit.
From this, we obtain the exact power-law by which the
squeezing grows upon approaching the quantum phase
boundary in the two models. We show that for a small
(infinitesimal) parametric distance, δ, from the quantum
critical point, the duration of squeezing increases as δ−1/2
in both the models. The strength of squeezing is also
shown to be governed by the same power law for the
OAT model, and a similar power law (with a shuttle dif-
ference) for the Dicke model. Thus, we show that in
the close neighbourhood of a critical point (or a line),
not only the degree of squeezing is greatly enhanced, but
also the duration of time over which it stays so is greatly
enhanced. This is a finding of practical importance.
In Sec. II of this paper, we investigate the dynamics of
spin squeezing across the quantum critical point in the
OAT model in transverse field. Then, we investigate the
squeezing for spin as well as photon across the superra-
diant transition in the Dicke model in Sec. III. Notably,
the photon squeezing in the Dicke model exhibits the
same critical behaviour as the spin squeezing, but only
in the oppositely detuned limits (i.e., not together). We
conclude the paper with a summary in Sec. IV.
II. ONE-AXIS TWISTING MODEL IN
TRANSVERSE FIELD
The Hamiltonian of the OAT model in the presence of
transverse control field read as:
Hˆ = −κSˆ2x + ΩSˆz (1)
where κ is the strength of the one-axis twisting (or the
Ising interaction) and Ω is the transverse field, both of
which are taken to be positive in this paper. The oper-
ators Sˆx and Sˆz are the x and z components of a spin
with quantum number J . We take J to be large.
It is known that this model for κ > 0 undergoes a con-
tinuous phase transition in the ground state by changing
Ω with respect to κ [28]. For large Ω, the average spin will
point along −z direction in the ground state, whereas for
large enough κ, it will also have a component along ±x
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2direction. This quantum phase transition can be easily
described by a mean-field theory as follows.
The order parameter, m, for this phase transition is
given by the expectation value of Sˆx in the ground. That
is, m = 〈Sˆx〉. Under mean-field approximation, Eq. (1)
becomes: Hˆ ≈ κm2 − 2κmSˆx + ΩSˆz. It can be diagonal-
ized by the following spin-rotation for θ = tan−1
(− 2κmΩ ).
Sˆz = Jˆz cos θ − Jˆx sin θ (2a)
Sˆx = Jˆz sin θ + Jˆx cos θ (2b)
Here, Jˆx and Jˆz are the spin operators in the rotated
frame. The ground state of this mean-field model is given
by the eigenstate |J,−J〉 of operator Jˆz with eigenvalue
−J . We obtain the order parameter, m, as given below,
by calculating the expectation value of Sˆx in this mean-
field ground state.
m =
{
±J
√
1− ξ2 ∀ ξ < 1
0 ∀ ξ ≥ 1 (3)
Here, ξ = Ω2κJ is a dimensionless parameter. The rotation
angle θ, which measures the direction of the average spin
vector in the two phases, is given below.
θ =
{
cos−1 ξ ∀ ξ < 1
0 ∀ ξ ≥ 1 (4)
Thus, for Ω < 2κJ , the OAT model in transverse field
realizes an ordered phase with two degenerate values for
m. For Ω ≥ 2κJ , it is in the disordered phase with
m = 0. It is clearly a continuous (second-order) quantum
phase transition, because the order parameter changes
continuously with ξ across the critical point ξc = 1.
A. Bosonic theory in the large spin limit
We now develop a theory of quantum fluctuations in
the two phases (ordered and disordered) discussed above.
This is best done by using the Holstein-Primakoff (HP)
representation for the spin operators [33], which affords a
nice and solvable bosonic theory of quantum fluctuations
in the large J limit. Since the mean-field ground state
in both the phases is given by state |J,−J〉 of the spin
operator Jˆz, we write the following HP representation:
Jˆz = −J + nˆ (5a)
Jˆ+ = aˆ†
√
2J − nˆ (5b)
for the spin operators in terms of the boson creation and
annihilation operators aˆ† and aˆ. Here, nˆ = aˆ†aˆ is the bo-
son number operator, and Jˆ− = (Jˆ+)†. This representa-
tion describes the fluctuations with respect to the refer-
ence state |J,−J〉 as bosons with a constraint, nˆ ≤ 2J . In
the large J limit, Eq. (5b) approximates to Jˆ+ = aˆ†
√
2J ,
which greatly simplifies the representation.
By rewriting Eq. (1) in the rotated frame using Eqs. (2)
for cos θ = ξ, and then applying the HP transformation in
the large J limit, we obtain the following bosonic Hamil-
tonian for the OAT model in transverse field.
Hˆ = c1aˆ
†aˆ+ c2
(
aˆ†aˆ† + aˆaˆ
)
+ c3 (6)
where the coefficients c1, c2, and c3 are listed below.
c1 = Ω cos θ + 2κJ sin
2 θ − κJ cos2 θ (7a)
c2 = −κJ
2
cos2 θ (7b)
c3 = −J
[
Ω cos θ + κJ sin2 θ +
κ
2
cos2 θ
]
(7c)
Here, the angle θ in the two phases is given by Eq. (4).
The boson Hamiltonian of Eq. (6) can be diagonalized
by the Bogolioubov transformation, Uˆa, given below.
Uˆa = exp
[−θa (aˆ†aˆ† − aˆaˆ)] (8)
Here, tanh 4θa = 2c2/c1, for c1 and c2 given by Eqs. (7).
The resulting diagonal Hamiltonian, H , reads as:
Uˆ†a Hˆ Uˆa =H = ωa
(
nˆ+
1
2
)
+ c3 − c1
2
(9)
where
ωa = 2κJ
√(
ξ cos θ − cos 2θ)(ξ cos θ + sin2 θ)
= 2κJ
{ √
1− ξ2 ∀ ξ < 1√
ξ (ξ − 1) ∀ ξ ≥ 1 (10)
is the energy of elementary bosonic excitations. Note
that ωa > 0 inside the two phases, but it continuously
tends to 0 upon approaching the quantum critical point
from either side.
B. Squeezing dynamics across phase transition
In both the phases of the OAT model in transverse
field, the average spin vector points along Jˆz. There-
fore, as per the prescription enunciated by Kitagawa and
Ueda [8], the minimum uncertainty in the spin compo-
nent, Jˆφ = Jˆx cosφ+ Jˆy sinφ, perpendicular to Jˆz would
determine the spin squeezing in the two phases. For the
uncertainty, ∆Jˆφ(t) =
√
〈Jˆ2φ(t)〉 − 〈Jˆφ(t)〉2, in the value
of Jˆφ in a quantum state at time t, the parameter
ζs =
∆Jˆφ(t)min√
J/2
(11)
quantifies the spin squeezing as a function of time. Here,
the subscript ‘min’ stands for the minimum value of ∆Jˆφ
obtained by minimizing it with respect to φ. A quantum
state is said to be spin-squeezed only if ζs < 1. Closer
the value of ζs to 0, higher is the spin squeezing. Thus,
the strength of spin squeezing can be quantified by ζ−1s .
3We investigate spin squeezing by calculating uncertain-
ties in the time dependent state, e−iHˆt|0〉, where |0〉 is
the vacuum of the Holstein-Primakoff boson defined by
Eq. (5a), and the Hˆ is given by Eq. (6). The vacuum state
|0〉 is same as the mean-field spin ground state, |J,−J〉,
in the two phases, and the Hˆ describes the dynamics of
quantum fluctuations of the mean-field state in the large
J limit.
The operator Jˆφ introduced above can, in the large J
limit, be written as: Jˆφ =
√
J
2
(
aˆ†e−iφ + aˆeiφ
)
. One can
check that 〈Jˆφ(t)〉 = 〈0|eiHˆt Jˆφ e−iHˆt|0〉 = 0. Therefore,
the spin squeezing parameter can be written as:
ζs(t) =
√
〈0| eiHˆt (aˆ†e−iφ + aˆ eiφ)2 e−iHˆt |0〉
min
=
√
[As(t) cos 2φ+Bs(t) sin 2φ+ Cs(t)]min
=
√
Cs(t)−
√
A2s(t) +B
2
s (t) (12)
with minimization angle, φmin(t) =
pi
2 +
1
2 tan
−1
[
Bs(t)
As(t)
]
.
Parameters As(t), Bs(t) and Cs(t) are given below.
As(t) = 〈0|eiHˆt
(
aˆ†aˆ† + aˆaˆ
)
e−iHˆt|0〉 (13a)
= − sin2(ωat) sinh(8θa)
Bs(t) = −i〈0|eiHˆt
(
aˆ†aˆ† − aˆaˆ) e−iHˆt|0〉 (13b)
= sin(2ωat) sinh(4θa)
Cs(t) = 1 + 2〈0|eiHˆtaˆ†aˆe−iHˆt|0〉 (13c)
= cos2(ωat) + sin
2(ωat) cosh(8θa)
With this, we are set to calculate and discuss spin squeez-
ing in the ordered and disordered phases.
1. Ordered phase
In the ordered phase for ξ < 1, we can write ξ = 1− δ,
where 0 < δ < 1. Note that δ = 0 corresponds to the
critical point. Hence, δ can act as a small expansion
parameter close to the critical point. The frequency ωa
[see Eq. (10)] and the Bogoliubov angle θa [see Eq. (8)]
in the ordered phase can be written as follows.
ωa = 2κJ
√
δ(2− δ) (14a)
θa =
1
8
[log δ + log(2− δ)] (14b)
We put this ωa and θa in Eqs. (13) for As, Bs and Cs to
calculate the time dependent spin squeezing parameter,
ζs, as defined in Eq. (12). In our calculations, we measure
frequency (energy) in units of 2κJ , and therefore time in
units of 1/2κJ .
The ζs vs. t for different values of δ are presented in
Fig. 1. It exhibits an oscillatory behaviour with time,
because the time evolution here is governed by purely
unitary dynamics (as we have neglected dissipation to
keep it simple). Upon decreasing δ, we see a systematic
reduction in the minimum value of ζs (which is always
smaller than 1), and also a systematic increase in the
time period, T , of oscillation. Remember that a smaller
value of ζs implies more squeezing. Moreover, a longer
T would imply a longer life for the system to stay in
a squeezed state. A prominent feature of this data is
that, very close to the quantum critical point (δ → 0),
the greatly reduced ζs tends to become nearly flat as a
function of t with a greatly elongated time period. What
it tells is that the system is able to realize and sustain a
highly squeezed state over a great length of time! This
is indeed a finding of some practical value.
The longer life of squeezing near the critical point is
easier to understand. The explicit time dependence in
Eqs. (13) implies that the time period of oscillation of
squeezing is given by ωaT = pi. From Eq. (14a) for ωa, it
is clear that T = pi/
√
δ(2− δ) for any δ, which for δ → 0
implies that T ≈ pi/√2δ. Thus, very close to the critical
point, the squeezing time grows as δ−1/2.
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FIG. 1. Spin squeezing, ζs vs. time, in the ordered phase of
the OAT model in transverse field for δ = 0.2, 0.02, 0.002 and
0.0002. As δ gets closer to 0 (the quantum critical point),
the minimum value of ζs also gets smaller. Very close to the
critical point, ζs stays nearly flat for most part of every cycle,
at a very small value (i.e., strong squeezing with a long life).
The reduction in the value of ζs with δ can be under-
stood by noting that the minimum of ζs in every squeez-
ing cycle occurs at the half-time period, T/2. We find
that ζs(T/2) =
√
δ(2− δ) for any δ. Thus, very close to
the critical point, the minimum of ζs reduces as δ
1/2. To
understand the emergence of the flatness of ζs in time
(for most part in every squeezing cycle) close to the crit-
ical point, we expand ζs(t) around T/2. Let the time
in a squeezing cycle be redefined as t = T/2 + τ , where
|τ | < T2 . For a small τ , and a small δ, we obtain the
following series expansion that applies to the ζs in the
middle portion of a squeezing cycle.
ζs
(
T
2
+ τ
)
=
√
2δ
[
1 + δτ2 +
5
6
δ2τ4 +
61
90
δ3τ6 + . . .
]
(15)
Notably, in Eq. (15), the terms with higher powers of τ
tend to become insignificant faster as δ tends to zero. It
means that, in the close proximity of the quantum critical
4point, the leading behaviour of squeezing is dominated by
the first term in the power series, i.e., ζs ≈
√
2δ, which is
independent of time. This explains the flattening of the
squeezing curve in Fig. 1 for very small values of δ.
2. Disordered phase
In the disordered phase, we can write ξ = 1 + δ, where
δ > 0. The δ dependence of frequency and Bogoliubov
angle in this phase is given below.
ωa = 2κJ
√
δ(1 + δ) (16a)
θa =
1
8
[log δ − log(1 + δ)] (16b)
By putting these into Eqs. (13), we obtain ζs vs. t for
different values of δ, as plotted in Fig. 2 (with t in units
of 1/2κJ). As in the ordered phase, here too, we see a
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FIG. 2. Spin squeezing, ζs vs. time, in the disordered phase
of the OAT model in transverse field for δ = 0.2, 0.02, 0.002
and 0.0002. Notice the prominent reduction in ζs, and its
nearly flat behaviour, very close to quantum critical point.
strong enhancement in the life and strength of squeezing
upon approaching the quantum critical point. Similar
to Eq. (15), the following expansion describes the flat-
tened behaviour of squeezing in the middle portion of
every squeezing cycle for small δ and small τ (i.e., time
measured from the half-time period, T/2).
ζs
(
T
2
+ τ
)
=
√
δ
[
1 +
1
2
δτ2 +
5
24
δ2τ4 +
61
720
δ36 + · · ·
]
(17)
Here, the time period of squeezing oscillation is given by
T = pi/
√
δ(1 + δ).
To summarise the important finding of this section,
the enhancement of spin squeezing near quantum critical
point (ξc = 1) is described by the following power laws.
Squeezing time (∝ T ) ∼ |ξ − ξc|−1/2 (18a)
Minimum value of ζs ∼ |ξ − ξc|1/2 (18b)
Although this result is obtained for the OAT model in
transverse field, i.e. Eq. (1), but the power-law growth
of squeezing time and strength in the close proximity of a
quantum critical point can be a more general possibility.
III. DICKE MODEL
Motivated by the findings in the previous section, we
now investigate in Dicke model the interesting possibility
of critically enhanced squeezing lasting for longer times
across the quantum phase transition from the normal to
superradiant phase. The Dicke model written below de-
scribes the physics of N two-level atoms interacting with
a single mode of quantized radiation inside a cavity [29].
Hˆ = ωaˆ†aˆ+ Sˆz +
g√
N
(aˆ† + aˆ)Sˆx (19)
Here, ω is the frequency of a radiation mode in the cavity,
and  is the transition frequency of the two-level atoms.
The collective atomic variables are the spin operators Sˆz
and Sˆx, with spin quantum number J = N/2, of which
the Sˆx describes the atomic dipole and Sˆz measures the
population difference of atoms in the excited and ground
state. The dipole interaction between the radiation and
the atoms is denoted by g. The operators aˆ (aˆ†) are the
annihilation (creation) operators of the quantized radia-
tion (photons). Some generalized versions of the Dicke
model are also current [34–36], but here we keep it simple
by working on its basic form as in Eq. (19).
A. Superradiant transition in the ground state
The Dicke model is known to exhibit a quantum
phase transition from the normal phase (with atoms in
their ground state) to the superradiant phase (wherein
a mascroscopic fraction of atoms are kept in their ex-
cited state cooperatively by the radiation) [30]. The
atoms and photons in the superradiant phase sponta-
neously develop two order parameters: 〈Sˆx〉 = m 6= 0
and 〈aˆ†〉 = 〈aˆ〉 = α 6= 0. One can determine m and α by
doing the mean-field theory outlined below.
Decoupling the dipole interaction in Eq. (19) leads to
the mean-field Hamiltonian: HˆMF = Hˆph + Hˆat − 2gαm√N ,
where Hˆph = ωaˆ
†aˆ+ gm√
N
(aˆ†+ aˆ) and Hˆat = Sˆz+ 2gα√N Sˆx.
This mean-field model is diagonalized by the displace-
ment, aˆ → aˆ − gm
ω
√
N
, of the photon operator, and the
rotation of the spin operators as in Eq. (2), by the ro-
tation angle, θ = tan−1
(
2gα

√
N
)
. The mean-field ground
state, |0〉⊗|J,−J〉, corresponds to having zero photons in
the displaced basis and −J eigenvalue for the spin oper-
ator Jˆz in the rotated frame. The two order parameters
in the mean-field ground state for ξ < 1 are:
m = ±N
2
√
1− ξ2 (20a)
α =
−gm
ω
√
N
(20b)
where ξ = ωg2 is a dimensionless parameter. With these
non-zero values of m and α for ξ < 1, the system is in
the superradiant phase. The two order parameters vanish
5continuously at the critical point, ξc = 1. For ξ ≥ 1, the
system is in the normal phase with m = α = 0. Note
that the m in Eq. (20a) is same as that in Eq. (3). In the
space of two dimensionless parameters, ω/g and /g, the
critical line given by  ωg2 = 1 is a hyperbola. See Fig. 3
for the quantum phase diagram of the Dicke model.
0.0 0.5 1.0 1.5 2.0 2.5
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Superradiant Phase  
(ξ < 1)
Normal Phase  
(ξ > 1)
FIG. 3. Quantum phase diagram of the Dicke model in mean-
field theory. The boundary between the superradiant and
normal phase is given by the critical line  ω
g2
= 1.
B. Bosonic fluctuations in the large N limit
We now formulate a theory of quantum fluctuations
with respect to the mean-field phases of the Dicke model
using Holstein-Primakoff transformation for the spin op-
erators. The HP representation has proved to be quite ef-
fective in studying Dicke model [37]. In the large N limit,
it provides a soluble bosonic theory of the Dicke model.
We start by applying to the Dicke model in Eq. (19) the
same spin rotation and the radiation displacement as in
the mean-field theory leading to Eqs. (20). Then, we map
the spin operators to bosons using the Holstein-Primakoff
transformation: Jˆz = −N2 + bˆ†bˆ and Jˆ+ = bˆ†
√
N − bˆ†bˆ.
In the large N limit, for small spin deviations 〈bˆ†bˆ〉  N ,
the Jˆ+ is approximated to Jˆ+ ≈ √N bˆ†, and the in-
teraction between the photons and the spin deviations
is neglected. By keeping only the bilinear terms in the
creation/annihilation operators, we obtain the following
bosonic Hamiltonian for the Dicke model:
Hˆ = ω aˆ†aˆ+ ε bˆ†bˆ+ γ
(
aˆ† + aˆ
)(
bˆ† + bˆ
)
+ e0 (21)
where ε = , γ = g/2, and e0 = −N/2 in the normal
phase for ξ ≥ 1, and ε = g2/ω, γ = ω/2g, and e0 =
−Ng24ω (1 + ξ2) in the superradiant phase for ξ < 1. The
constant e0 here is the energy of the mean-field state de-
scribed in Sec. III A. This Hamiltonian can be diagonal-
ized by the Bogoliubov transformation Uˆ = Uˆ1Uˆ2UˆaUˆb,
where Uˆ1 = e
−φ1(aˆ†bˆ−bˆ†aˆ), Uˆ2 = e−φ2(aˆ
†bˆ†−bˆaˆ), Uˆa =
e−
φa
2 (aˆ
†aˆ†−aˆaˆ) and Uˆb = e−
φb
2 (bˆ
†bˆ†−bˆbˆ), for the Bogoliubov
angles given by tan 2φ1 =
2γ
ω−ε , tanh 2φ2 =
2γ cos 2φ1
ω+ε ,
tanh 2φa =
γ sin 2φ1
ωa
and tanh 2φb = −γ sin 2φ1ωb , where
ωa(b) =
√(
ω+ε
2
)2 − (γ cos 2φ1)2 ±√(ω−ε2 )2 + γ2.
The resulting diagonal Hamiltonian, H = Uˆ†HˆUˆ , is
H = Ωa
[
aˆ†aˆ+
1
2
]
+ Ωb
[
bˆ†bˆ+
1
2
]
+ e0 − ω + ε
2
(22)
where Ωa(b) =
√
ω2a(b) − (γ sin 2φ1)2 are the frequencies
(energies) of the ‘polaronic’ (mixed up atom-photon) nor-
mal modes, whose explicit forms are given below. In the
superradiant phase:
Ωa(b) =
√√√√(ω4 + g4
2ω2
)
±
√(
ω4 − g4
2ω2
)2
+ 2ω2 (23)
and in the normal phase:
Ωa(b) =
√√√√(ω2 + 2
2
)
±
√(
ω2 − 2
2
)2
+ g2ω (24)
In the above equations, Ωa corresponds to the expressions
with ‘+’ sign, and Ωb to the expressions with ‘−’ sign.
C. Dynamics of squeezing across phase transition
We study the time evolution of squeezing of spin and
radiation in the reference state, |0〉a ⊗ |0〉b ≡ |0, 0〉, with
respect to the Hamiltonian given by Eq. (21). This refer-
ence state is the mean-field state, |0〉⊗|J,−J〉, described
in Sec. III A, whose quantum fluctuations in the large N
limit are described by Eq. (21). Following Eq. (12), we
define below the squeezing parameters ζs(t) and ζp(t) for
spin and radiation, respectively.
ζs(t) =
√
〈0, 0| eiHˆt
(
bˆ†e−iφs + bˆ eiφs
)2
e−iHˆt |0, 0〉
min
=
√
Cs(t)−
√
A2s(t) +B
2
s (t) (25a)
ζp(t) =
√
〈0, 0| eiHˆt (aˆ†e−iφp + aˆ eiφp)2 e−iHˆt |0, 0〉
min
=
√
Cp(t)−
√
A2p(t) +B
2
p(t) (25b)
Here, too, 〈0, 0| eiHˆt
(
bˆ†e−iφs + bˆ eiφs
)
e−iHˆt |0, 0〉 as well
as 〈0, 0| eiHˆt (aˆ†e−iφp + aˆ eiφp) e−iHˆt |0, 0〉 are zero, and
φmin,s(p)(t) =
pi
2 +
1
2 tan
−1
[
Bs(p)(t)
As(p)(t)
]
. For the Hˆ given by
Eq. (21), the expressions we derived for the parameters
As(p), Bs(p) and Cs(p) are given below.
6As(t) = 〈0, 0|eiHˆt
(
bˆ†bˆ† + bˆbˆ
)
e−iHˆt|0, 0〉 (26a)
= −1
2
cosh 2φ2
[
(cosh 2φ2 − cos 2φ1) sinh 4φa sin2 Ωat+ (cosh 2φ2 + cos 2φ1) sinh 4φb sin2 Ωbt
]
−1
4
sin 2φ1 sinh 4φ2
(
cos2 Ωat+ cosh 4φa sin
2 Ωat+ cos
2 Ωbt+ cosh 4φb sin
2 Ωbt
)
− [sinh 2φ2 cosh(φa + φb) + sin 2φ1 cosh 2φ2 sinh(φa + φb)] sinh(φa + φb) sinh 2φ2 cos (Ωa − Ωb)t
+ [sinh 2φ2 sinh(φa + φb) + sin 2φ1 cosh 2φ2 cosh(φa + φb)] cosh(φa + φb) sinh 2φ2 cos (Ωa + Ωb)t
Bs(t) = −i〈0, 0|eiHˆt
(
bˆ†bˆ† − bˆbˆ
)
e−iHˆt|0, 0〉 (26b)
=
1
2
cosh 2φ2 [(1− cos 2φ1 cosh 2φ2) sinh 2φa sin 2Ωat+ (1 + cos 2φ1 cosh 2φ2) sinh 2φb sin 2Ωbt]
+ [cos 2φ1 sinh 2φ2 cosh(φa − φb) + sin 2φ1 sinh(φa − φb)] sinh(φa + φb) sinh 2φ2 sin(Ωa − Ωb)t
+ [cos 2φ1 sinh 2φ2 sinh(φa − φb) + sin 2φ1 cosh(φa − φb)] cosh(φa + φb) sinh 2φ2 sin(Ωa + Ωb)t
Cs(t) = 1 + 2〈0, 0|eiHˆt bˆ†bˆ e−iHˆt|0, 0〉 (26c)
=
1
2
cosh 2φ2 (cosh 2φ2 − cos 2φ1)
(
cos2 Ωat+ cosh 4φa sin
2 Ωat
)
+
1
2
cosh 2φ2 (cosh 2φ2 + cos 2φ1)
(
cos2 Ωbt+ cosh 4φb sin
2 Ωbt
)
+
1
4
sin 2φ1 sinh 4φ2
(
sinh 4φa sin
2 Ωat+ sinh 4φb sin
2 Ωbt
)
+ [sinh 2φ2 sinh(φa + φb) + sin 2φ1 cosh 2φ2 cosh(φa + φb)] sinh(φa + φb) sinh 2φ2 cos(Ωa − Ωb)t
− [sinh 2φ2 cosh(φa + φb) + sin 2φ1 cosh 2φ2 sinh(φa + φb)] cosh(φa + φb) sinh 2φ2 cos(Ωa + Ωb)t
Ap(t) = 〈0, 0|eiHˆt
(
aˆ†aˆ† + aˆaˆ
)
e−iHˆt|0, 0〉 (27a)
= −1
2
cosh 2φ2
[
(cosh 2φ2 + cos 2φ1) sinh 4φa sin
2 Ωat+ (cosh 2φ2 − cos 2φ1) sinh 4φb sin2 Ωbt
]
+
1
4
sin 2φ1 sinh 4φ2
(
cos2 Ωat+ cosh 4φa sin
2 Ωat+ cos
2 Ωbt+ cosh 4φb sin
2 Ωbt
)
− [sinh 2φ2 cosh(φa + φb)− sin 2φ1 cosh 2φ2 sinh(φa + φb)] sinh(φa + φb) sinh 2φ2 cos (Ωa − Ωb)t
+ [sinh 2φ2 sinh(φa + φb)− sin 2φ1 cosh 2φ2 cosh(φa + φb)] cosh(φa + φb) sinh 2φ2 cos (Ωa + Ωb)t
Bp(t) = −i〈0, 0|eiHˆt
(
aˆ†aˆ† − aˆaˆ) e−iHˆt|0, 0〉 (27b)
=
1
2
cosh 2φ2 [(1 + cos 2φ1 cosh 2φ2) sinh 2φa sin 2Ωat+ (1− cos 2φ1 cosh 2φ2) sinh 2φb sin 2Ωbt]
− [cos 2φ1 sinh 2φ2 cosh(φa − φb) + sin 2φ1 sinh(φa − φb)] sinh(φa + φb) sinh 2φ2 sin(Ωa − Ωb)t
− [cos 2φ1 sinh 2φ2 sinh(φa − φb) + sin 2φ1 cosh(φa − φb)] cosh(φa + φb) sinh 2φ2 sin(Ωa + Ωb)t
Cp(t) = 1 + 2〈0, 0|eiHˆt aˆ†aˆ e−iHˆt|0, 0〉 (27c)
=
1
2
cosh 2φ2 (cosh 2φ2 + cos 2φ1)
(
cos2 Ωat+ cosh 4φa sin
2 Ωat
)
+
1
2
cosh 2φ2 (cosh 2φ2 − cos 2φ1)
(
cos2 Ωbt+ cosh 4φb sin
2 Ωbt
)
−1
4
sin 2φ1 sinh 4φ2
(
sinh 4φa sin
2 Ωat+ sinh 4φb sin
2 Ωbt
)
+ [sinh 2φ2 sinh(φa + φb)− sin 2φ1 cosh 2φ2 cosh(φa + φb)] sinh(φa + φb) sinh 2φ2 cos(Ωa − Ωb)t
− [sinh 2φ2 cosh(φa + φb)− sin 2φ1 cosh 2φ2 sinh(φa + φb)] cosh(φa + φb) sinh 2φ2 cos(Ωa + Ωb)t
The Ap, Bp, Cp in Eqs (27) can be obtained from the As, Bs, Cs Eqs. (26) by exchanging φa with φb, Ωa with Ωb
7and changing φ1 to −φ1, while keeping φ2 unchanged.
We apply this prescription to calculate squeezing in
the two phases of the Dicke model. Our findings from
this calculation are presented and discussed below.
D. Results and discussion
From what we learnt in Sec. II B, we expect the en-
hancement of strength and life of squeezing near the
quantum phase boundary to be determined mainly by
the smaller of the two normal mode frequencies, Ωa and
Ωb, given by Eqs. (23) and (24). We see that Ωb is al-
ways smaller of the two, and smoothly tends to 0 as
one approaches the phase boundary from either side.
To understand the behaviour of the soft-mode frequency
Ωb in the close neighbourhood of the critical line, we
rewrite /g and ω/g conveniently as: ω/g =
√
ξ eψ/2
and /g =
√
ξ e−ψ/2, where ψ is a measure of atom-
photon detuning. That is, ψ = −2 tanh−1 ∆, where
∆ = ( − ω)/( + ω) is relative detuning. For instance,
ψ → +∞ (i.e., ∆ → −1) corresponds to having ω  ,
and ψ → −∞ (i.e., ∆ → +1) gives the opposite ex-
treme, ω  . The resonant case, ω = , is given by
ψ = ∆ = 0. Now, if δ = |ξ − 1| is a small distance
from the phase boundary, then to the leading order in
δ, we find that Ωb ≈ g
√
δ/2 coshψ in the normal phase,
and Ωb ≈ g
√
δ/ coshψ in superradiant phase. Hence, the
time period of squeezing oscillations grows as |ξ−ξc|−1/2.
This power-law behaviour for the critical growth of the
squeezing time for the Dicke model is same as in Eq. (18)
for the OAT model in transverse field, but with a factor
that depends on the detuing angle ψ which suggests that
the critical enhancement of squeezing time will be better
achieved in the highly detuned cases.
Note that, along a fixed ξ contour in the normal phase,
Ωb ≈ 
√
1− ξ−1 for  ω. That is, Ωb in this highly de-
tuned limit is spin-like [38]. Likewise, Ωb ≈ ω
√
1− ξ−1
for ω   is photon-like. A similar consideration in the
superradiant phase is a bit tricky, because ε for the spin
fluctuations in Eq. (21) is not equal to , but g2/ω. Keep-
ing this in mind, for  ω along a fixed ξ contour in the
superradiant phase, Ωb ≈ g
2
ω
√
1− ξ2 is indeed spin-like,
and Ωb ≈ ω
√
1− ξ2 for ω   is photon-like. Thus,
close to the critical line, spin squeezing is expected to
grow stronger and live longer for  much smaller than ω
(i.e., when the relative detuning ∆ is closer to −1). On
the other hand, for ω much smaller than  (i.e., ∆ closer
to +1), the photon squeezing will get enhanced and be
sustained for longer times. The data in Figs. 4 to 7 for ζs
and ζp given by Eqs. (25a) and (25b) [and using Eqs. (26)
and (27)] shows this to be true.
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FIG. 4. Squeezing parameters ζs (for spin) and ζp (for photon)
in the normal phase (ξ > 1) of the Dicke model for spin-like
detuning (∆ = −0.9). The ζs exhibits a sharp reduction in
its minimum value (i.e., high degree of spin squeezing) and a
great elongation in the squeezing time, as ξ approaches 1 (the
critical value). The ζp stays close to 1 while undergoing rapid
oscillations and beating (i.e., no photon squeezing).
1. Spin squeezing for spin-like detuning
Figures 4 and 5 present ζs(t) and ζp(t) in the normal
and the superradiant phase respectively, for the spin-like
detuning of ∆ = −0.9 for different values of ξ. Here,
we see that the spin squeezing parameter ζs is always
less than 1, and shows high reduction in its minimum
value as ξ approaches the phase boundary from either
side. Closer to the critical point, we also see the striking
appearance of flatness in ζs around its minimum value
(say, ζs,min) for the most part of time in every squeezing
cycle with greatly increased time period (due to the soft-
ening of Ωb). Thus, across the superradiant transition in
the Dicke model with spin-like detuning, we see a marked
growth in the time and strength of spin squeezing near
the critical point. These findings for the Dicke model are
very much like what we got for the OAT model in the
previous section. But there are a few notable differences
too, as described below.
For a given detuning ∆ (or ψ), the ζs,min doesn’t vanish
as ξ tends to 1. Instead, it saturates to a non-zero value.
See the minimum values of ζs for |ξ − 1| = 0.05, 0.005
and 0.0005 in Figs. 4 and 5. But we find the ζs,min to
decrease with increasing ∆ (see Fig. 8 and the related dis-
cussion for more on this). Another notable point is that
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FIG. 5. Squeezing parameters for spin (ζs) and photon (ζp)
in the superradiant phase (ξ < 1) of the Dicke model for spin-
like detuning (∆ = −0.9). In this case, the spin again shows
a conspicuous enhancement in squeezing time and strength
close to the critical value, while the radiation doesn’t.
the flat looking parts of ζs(t) are not quite flat. They are
modulated by weak high frequency oscillations (due to
Ωa). The amplitude of these rapid oscillations is found
to decrease sharply as ξ approaches 1. So, in the close
proximity of the critical point, we essentially have a con-
stant small value of ζs over a long duration of time, i.e.
strong spin squeezing with a long life.
The photon squeezing parameter ζp in Figs. 4 and 5
oscillates extremely rapidly (and beats) around 1 with a
very small amplitude. Hence, practically there is no pho-
ton squeezing in the Dicke model with spin-like detuning.
Although not shown here, but the prominent squeezing
effects described above for spin are found to weaken and
disappear as ∆ is reduced and taken closer to 0, i.e. near
resonance. Thus, the high spin-like detuning favours spin
squeezing, and exhibits critical enhancements. But the
situation is found to reverse, as described below, when
we consider photon-like detuning, i.e. ∆ close to +1.
2. Photon squeezing for photon-like detuning
Figure 6 and 7 present the squeezing parameters for
the photon-like detuning of ∆ = +0.9 in the two phases.
Here, on approaching the critical point in either phase,
not spin but photon squeezing parameter ζp shows a
marked reduction in its minimum value, and a great in-
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FIG. 6. Squeezing parameters ζs and ζp in the normal phase
of the Dicke model for photon-like detuning (∆ = +0.9). In
this case, the exact opposite of what we saw in Fig. 4 happens.
Here, the radiation shows conspicuous squeezing effects near
the critical point, but not the spin.
crease in the time period of oscillation, with a largely
flat ζp (around the minimum value) in every squeezing
cycle. All that we learnt about the critical enhancement
of spin squeezing in the case of spin-like detuning also
holds true for the critical enhancement of photon squeez-
ing in the case of photon-like detuning. In fact, in the
normal phase, the ζp for photon-like detuning exactly
replicates the ζs for spin-like detuning. Compare ζs (ζp)
in Fig. 4 with ζp (ζs) in Fig. 6. They are exactly the
same because, in the normal phase, there exists a sym-
metry between spin and photon under ∆ → −∆. Even
in the superradiant phase, where there is no exact sym-
metry relating the photon with the spin for opposite de-
tuning, close to the critical line, ζp for positive ∆ still
behaves pretty much like the ζs for spin-like detuning.
Compare, for instance, the ζs in Fig. 5 with ζp in Fig. 7.
They are nearly the same, with same qualitative features.
Hence, for photon-like detuning, it is the radiation which
exhibits prominent enhancements in squeezing time and
strength, while the atoms (spin) show no such effects.
3. Critical behaviour of squeezing
The critical behaviour of the growth of squeezing time
for spin and photon (with appropriate detuning) is gov-
erned by the frequency, Ωb, of the soft polariton mode.
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FIG. 7. Squeezing parameters ζs and ζp in the superra-
diant phase of the Dicke model for photon-like detuning
(∆ = +0.9). Here, the photons shows a strong enhancement
in the squeezing strength and time near the critical point.
We have shown earlier that, close to the critical point,
Ωb ∼ |ξ−ξc|1/2. Therefore, the time for which the system
stays in the enhanced squeezed state (i.e., the flat part of
the squeezing cycle ∝ Ω−1b ) grows as |ξ− ξc|−1/2. This is
exactly like the critical behaviour of the squeezing time
for the OAT model in transverse field. See Eq. (18a).
To understand the critical behaviour of the growth of
squeezing strength, let us carefully look at ζs for spin-
like detuning near the critical point. Whatever we learn
from this would also apply to ζp for photonlike detuning.
In Fig. 8, we have plotted the square of the minimum
value of ζs, i.e (ζs,min)
2, as a function of ξ in the close
neighbourhood of the critical point (ξc = 1, marked by
the dashed line) for different values of detuning (given
here by ψ; recall that ∆ = − tanh ψ2 ). From this figure,
it is clear that (ζs,min)
2 = u+ v |ξ − ξc|, near the critical
point. It is also clear that the slope v in the superradiant
phase is bigger than that in the normal phase. Moreover,
u → 0, as ∆ → −1. Hence, the critical behaviour of the
strength of spin squeezing in the Dicke model with spin-
like detuning is given by
ζs,min =
√
u+ v |ξ − ξc|. (28)
This is different from the |ξ − ξc|1/2 behaviour obtained
for the OAT model in transverse field. For extremely
large detuning (i.e. u → 0), it does becomes |ξ − ξc|1/2,
which is consistent with the OAT model. See Eq. (18b).
But in general for a non-zero u (i.e., for not-so-extremely
detuned cases), the ζs,min infinitesimally close to the crit-
ical point behaves as |ξ − ξc| plus a constant, show-
ing a change of critical exponent from 1/2 to 1. The
same would also apply to the critical behaviour of photon
squeezing in the Dicke model with photon-like detuning.
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FIG. 8. Critical behaviour of spin squeezing across the su-
perradiant transition in the Dicke model. This data suggests
that (ζs,min)
2 = u+v |ξ−1| in the close proximity of the crit-
ical point, where the intercept u tends to 0 with increasing ψ
(i.e., ∆→ −1) and the slope v in the two phases is different.
IV. CONCLUSION
In this paper, we have studied the dynamics of squeez-
ing across quantum phase transition in the OAT model in
transverse field and the Dicke model. These models un-
dergo continuous transition from the disordered (normal)
to ordered (superradiant) phase with change in a suitable
model parameter ξ. We have used Holstein-Primakoff
transformation in the large spin limit to formulate an
exactly doable bosonic theory, and deduced the power-
law behaviour for the enhancement of squeezing time and
strength near the quantum critical point ξc. We have
shown the amplitude of squeezing parameter to behave as
|ξ− ξc|1/2 for the OAT model, and as
√
u+ v |ξ − ξc| for
the Dicke model, which for extremely large detuning also
becomes |ξ−ξc|1/2. The squeezing time in both the mod-
els is found to grow as |ξ − ξc|−1/2. In the Dicke model,
these strong squeezing effects for spin or photon are seen
respectively in the spin-like or photon-like detuned cases.
To conclude, we have shown that it is possible to attain
high degree of squeezing for a long duration of time near
quantum critical points, and presented an understanding
of its critical behaviour. It is desirable to further look
at the effect of dissipation, temperature and finiteness of
spin on these findings, and in different models.
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